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Abstract—Power grids are evolving toward a highly distributed
architecture with power-electronics circuits interfacing a majority
of generation, storage, and loads. To ensure stability as synchronous
machines are retired, grid-forming (GFM) inverters will be needed
across the board. In this article, we investigate whether systems
built with interconnected single-phase droop-controlled GFM in-
verters are capable of self organizing into balanced three-phase
systems. We model, analyze, and build a system comprised of
three delta-connected droop-controlled single-phase inverters con-
nected across loads. After deriving a model of the angle dynamics
for this system, we show that its stable equilibria coincide with
balanced conditions, where each phase is offset by 1/3 of an ac
cycle. Furthermore, we observe that the desirable equilibrium with
balanced phase offsets is robust against voltage and load imbal-
ances. This demonstrates the feasibility of assembling three-phase
systems using fleets of decentralized single-phase GFM inverters.
The analytical developments are substantiated experimentally on
a system of three delta-connected single-phase inverters. Sponta-
neous emergence of phase balancing from startup with nonidentical
initial conditions are validated in the experimental setup. Empirical
observations further illustrate robust operation during unbalanced
conditions.

Index Terms—Delta connection, droop control, grid-forming
(GFM) inverters, phase balancing.

I. INTRODUCTION

THIS article forges a path of possibilities where fleets of
single-phase grid-forming (GFM) inverters can be used

to create large grids. As power electronics are more deeply
interwoven into grids and machines recede into a supportive
role, it is paramount to ensure that ac phases in three-phase
systems are offset by 2π/3 rad (i.e., 1/3 of an ac cycle). Wind-
ings on synchronous generators are spatially arranged to of-
fer 2π/3 rad phase separation in electrical outputs by design.
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Fig. 1. Delta-connected single-phase droop-controlled GFM inverters deliv-
ering power to loads. We show that such a system is able to spontaneously reach
phase-balanced operation with 2π/3 rad phase offsets between inverter output
voltages with no external communication.

Similarly, controllers for three-phase inverters enforce 2π/3 rad
phase angular offsets between waveforms on output terminals.
Now, consider the case where large numbers of single-phase
inverters with GFM controls are dispersed across a grid. Such
a scenario is likely to be commonplace in future grids with
power-electronics circuits taking center stage in energy con-
version across single- and three-phase grids. Envisioning such
a future scenario, we ponder over the following question in
this article: can single-phase GFM inverters maintain requisite
2π/3 rad offsets between phases in the absence of three-phase
machines and three-phase inverters elsewhere? We conclusively
show that delta-connected droop-controlled single-phase in-
verters exhibit repulsive coupling between phases such that
balanced three-phase voltage waveforms can be generated in
the system. We also provide a counterexample which illustrates
the inability of wye-connected inverters to offer this capability.
Hence, while GFM single-phase controllers carry out their in-
tended purpose of voltage and frequency regulation, they also
offer the bonus feature of balanced three-phase voltages when
interconnected in a delta configuration. This demonstrates that
fleets of decentralized single-phase droop-controlled inverters
can power three-phase loads and provide a foundation to realize
larger three-phase grids. (See Fig. 1.) Furthermore, the work
establishes the possibility of single-phase GFM inverters being
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able to support three-phase loads in settings where distribution
networks are isolated or operated as a microgrid. Such an ap-
proach could significantly improve the resiliency and availability
of distribution networks.

The application area we examine, i.e., GFM inverters, is of
significant contemporary interest to the power industry at large,
further establishing the need for in-depth investigations into a
full range of capabilities of these technologies [1], [2]. Despite
the growing body of work on GFM controls, to the best of
our knowledge, there are no published works focused on the
feasibility of using interconnected single-phase inverters as the
foundation in three-phase systems. The majority of existing re-
search on multiinverter systems is focused on three- (or single-)
phase systems built exclusively with three- (or single-) phase
inverters. The exception is the handful of results in [3] and [4],
where single-phase inverters hang off a three-phase system that
is propped up by three-phase inverters. In such a mixed system,
the three-phase units are typically equipped with GFM controls
to ensure system-wide frequency regulation.

Another line of existing work that should be acknowledged
is that on coupled oscillator systems. In a context relevant here,
parallel-connected inverters with GFM functions, such as droop
and virtual oscillator control, can be modeled as coupled oscil-
lators [5]–[7]. Many papers have uncovered why such systems
synchronize their waveforms with theoretical methods inspired
from literature pertaining to the dynamics of nonlinear oscilla-
tors. On the flip side, coupled oscillator theory has also been used
to inspire methods for obtaining repulsive angular dynamics
where oscillators converge to a steady state with angular offsets
between them. In essence, this is the opposite of synchronization
and the configuration where N oscillators are uniformly 2π/N
apart is called the splay condition [8]–[11]. With regard to power
applications, such notions are relevant to engineer decentralized
controllers that yield interleaved pulsewidth modulation (PWM)
carriers between converters [11]–[14] for purposes of ripple
cancellation. Of particular relevance to this article, it is also
known that a simple sign-flip in the feedback path of particular
oscillators changes whether a system of coupled oscillators
reaches phase-synchronized or -balanced (which includes 2π/N
offsets) trajectories [5], [15].

To establish an analytical foundation and streamline analysis,
we focus on the simplest case of three identical delta-connected
droop-controlled single-phase inverters, as shown in Fig. 1, and
reserve a more complete analysis for complex networks for
future work. Our focus on the delta connection is deliberate
since it is what gives the physical coupling between phases.
In practical distribution systems with large numbers of single-
phase GFM units, the delta-connected side of a substation trans-
former would provide the requisite interconnection to facilitate
repulsive coupling between phases. After we define the non-
linear dynamical system, we compute its equilibria along with
its linearized counterpart. We conclusively show that, out of
all possible equilibria, it is only the phase-balanced condition
with 2π/3 rad offsets that is small-signal stable. In summary,
our analytical findings, i.e., obtaining phase-balanced opera-
tion with delta-connected single-phase grid-forming inverters
in a decentralized and communication-free manner, provide

significant contributions to the literature on power converter
control, nonlinear dynamics, and coupled-oscillator systems,
underscoring the motivation and significance of this work. This
article is rounded off with experiments that showcase high
performance over a spectrum of conditions. We also consider
realistic load and generation imbalances that can be anticipated
in practice and empirically show robust behavior in both exper-
iments and simulations.

The rest of this article is organized as follows: In Section II,
we introduce the delta-connected single-phase inverter setup
along with the droop controllers utilized for GFM operation.
Section III presents the dynamical-system model for the system.
We then compute the angle equilibria and evaluate small-signal
stability via a small-signal model in Section IV. Section V
outlines the experimental results to validate the concept. Finally,
Section VI concludes this article.

II. DELTA-CONNECTED INVERTERS AND DROOP CONTROL FOR

GFM OPERATION

In this section, we introduce the delta-connected single-phase
inverter system and the corresponding inverter controllers. We
also introduce relevant notation along the way.

A. System Architecture

Fig. 1 shows a system of three single-phase inverters con-
nected in a delta configuration on their ac sides. The negative
terminal of each inverter connects to the positive terminal of the
adjacent inverter when moving clockwise around the diagram
loop. These inverters operate independently of each other with-
out any communication beyond their intrinsic physical coupling.
Three-phase loads can be connected in either wye or delta across
the inverter system. While our analysis examines balanced loads,
we consider both balanced and unbalanced load conditions in
subsequent sections that include experimental validation. Each
inverter has independent control loops that modulate its respec-
tive power stage.

B. Inverter Description

To facilitate multiinverter system analysis, we introduce the
subscript index � ∈ {1, 2, 3} to denote the three units in the
system. The power stage and controller for the �th inverter are
illustrated in Fig. 2. The ac output produced by the H-bridge
is fed to an LCL filter. The grid-side branch of each filter
has resistance R, inductance L, and its inductive reactance is
denoted by X = ωnomL, where ωnom is the nominal system
frequency. Examining the �th LCL filter, the grid-side branch
carries current i� and its midpoint capacitance isCf with voltage
v� across it. The inverter-side inductance is denoted by Lf . As
illustrated at the top of Fig. 2, the phasor voltage across the �th
LCL-filter capacitive branch is denoted by

V� = V� ∠θ� (1)

where V� is the voltage rms magnitude and θ� is the time integral
of ω�. Similarly, I� is the phasor for the output current which
flows through the complex impedance Z = R+ jX . Next, we
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Fig. 2. (Bottom) Up-close look at the �th inverter with droop control. Mea-
surements from the LCL filter output are processed by the droop laws which, in
turn, feed inner loops that regulate the capacitor voltage. (Top) Phasor-domain
model that captures output terminal behavior. This model neglects the ultrafast
dynamics of the inner loops and assumes the droop commands are ideally
enforced for the voltage across the filter capacitor.

outline how droop laws govern the voltage magnitude V� and
frequency ω�. With regard to notation, the voltage phasor will
be interchangeably expressed in the forms V� = V�(cos θ� +
j sin θ�) = V�e

jθ� , where j2 = −1.
The �th single-phase inverter has a droop controller that

generates a reference-voltage waveform with amplitude V� and
angle θ� such that the instantaneous sinusoidal command is v�� =√
2V� cos θ�. The orthogonal version of the voltage command

is denoted by v⊥�
� =

√
2V� cos (θ� − π/2). Inner control loops

ensure that the voltage v� closely tracks the droop-generated
voltage reference v�� . Since these inner loops are much faster
than the slow-acting droop dynamics, we will neglect them
from here forward and assume that v� = v�� . This is to fa-
cilitate analytical developments; rigorous analysis based on,
e.g., singular-perturbation can be leveraged to justify the elimi-
nation of such dynamics (see, e.g., [7]).

The commanded amplitude and frequency for the �th inverter
are given by the droop laws

V� = Vnom −mq ( Qavg,� − Q�
� ) (2a)

ω� = ωnom −mp ( Pavg,� − P �
� ). (2b)

TABLE I
EXPERIMENTAL HARDWARE AND CONTROL PARAMETERS

rms

r

Above, Vnom and ωnom are the nominal voltage amplitude and
frequency, respectively. These are assumed to be equal for all
three inverters. Furthermore,Pavg,� andQavg,� are filtered active-
and reactive-power measurements, respectively; the correspond-
ing setpoints are denoted by P �

� and Q�
� [16], [17]. The values

of P �
� and Q�

� can be internally generated or be received by
an exogenous secondary-control layer. For the purposes of this
study, we will assume they are fixed. The droop slopes, mq and
mp, are selected to give a 5% voltage deviation and 0.5-Hz
frequency swing, respectively, as the apparent power varies
across Srated. This can be achieved with the choices

mq = 0.05
Vnom

Srated
, mp =

2π × 0.5

Srated
.

The filtered active- and reactive-power values, Pavg,� and Qavg,�,
are obtained via first-order low-pass filters with dynamics

Ṗavg,� = ωc ( P� − Pavg,� ) (3a)

Q̇avg,� = ωc ( Q� − Qavg,� ), (3b)

where P� = v�i� and Q� = v⊥� i�, denote the instantaneous
active- and reactive-power values. The cutoff frequency ωc

should be sufficiently small to eliminate double-frequency pul-
sations in P� and Q�; typical values of ωc range from several Hz
to tens of Hz.

C. Motivating Example

We provide simulation results for a system of three identical
droop-controlled single-phase inverters connected in either wye
or delta configurations to illustrate the phenomena we wish
to examine in detail. In both configurations, the inverters are
connected across a balanced wye-connected load. See Fig. 3 for
an illustration of the simulation setup. Relevant parameters for
the inverters are listed in Table I. Consider the configuration in
Fig. 3(a), where the inverters are connected in wye. As the cor-
responding waveforms show, the inverters operate undisturbed
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Fig. 3. Simulation setup involving interconnection of single-phase GFM inverters in (a) wye, and (b) delta configuration across a balanced wye-connected load.
For the delta-interconnection of inverters, we readily obtain phase-balanced voltages, while the wye-interconnection does not yield such behavior naturally.

Fig. 4. Phasor representation of delta-connected inverters with: (a) delta loads, (b) wye loads, and (c) the equivalent diagram marking mesh-current phasors.

with phase offsets not equal to2π/3 indefinitely. (We remark that
this imbalance persists even with a delta-connected load.) Next,
we turn our attention to the setup in Fig. 3(b) which aligns with
the focus of the article. Here, the inverters are delta-connected
across the same load. The corresponding voltage waveforms
are phase balanced in this setup. Reflecting on this simulation
exercise, we note that the only difference between the systems in
Fig. 3(a) and (b) is the physical interconnection of the inverters.
In the subsequent sections, we will show that the droop con-
trollers and circuit physics offered by the delta connection act
to stabilize voltages around the phase-balanced operating point.

III. SYSTEM MODELING AND DYNAMICS

We now define additional phasor-domain quantities of inter-
est and formulate a dynamical model for the delta-connected
inverters. Ultimately, the following analysis will reveal that the

power circulating within the delta loop provides coupling and
ensures angle dynamics settle to a phase-balanced equilibrium
condition.

A. Inverter Active and Reactive Powers

With the single inverter phasor model on the top of Fig. 2, the
delta-connected system takes the form in Fig. 4. In particular,
each branch within the delta configuration captures the output
terminal behavior of a droop-controlled inverter. Loads in delta
and wye configurations are shown in Fig. 4(a) and (b), respec-
tively. The delta-to-wye transformation allows us to cast both
load configurations equivalently as the load in Fig. 3(c) [18].
Forthcoming analysis is therefore, tailored to the circuit repre-
sentation in Fig. 4(c).

We apply Kirchhoff’s laws following the mesh current
method [19] that breaks the circuit system in Fig. 4(c) into
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multiple loops. The current phasor in each loop is first com-
puted independently, and then added together appropriately to
recover branch currents. Along those lines, Ic denotes the current
phasor circulating within the inverter delta loop [this is the
counterclockwise loop labeled #0 in Fig. 4(c)] while currents
that flow through mesh loops #1, #2, and #3 are denoted by
IL1, IL2, and IL3, respectively. Application of the superposition
principle allows us to add Ic and IL� to obtain the branch currents
corresponding to the �th inverter, I�. In particular, we can write

I� = Ic + IL�. (4)

We will see that mesh currents capture all phenomena of interest.
In particular, Ic reflects the loop coupling among three delta-
connected inverters, while IL1, IL2, and IL3 capture load effects.
Application of Kirchhoff’s voltage law yields

Ic =
1

Z loop

3∑
k=1

Vk (5)

where

Z loop = Rloop + jXloop = 3(R+ jX)

is the total impedance around the delta loop. In addition, the
expression for IL� is given by

IL� =
V�

Z load + Z
(6)

where Z load = Rload + jXload is the load impedance and
Z = R+ jX is the inverter filter impedance. (Note that the
load impedance Z load is typically much larger than the filter
impedance Z.)

To reflect the droop dynamics in the circuit laws, we first
calculate the apparent power S� delivered by each inverter. This
can be expressed as

S� = V� I�
∗
= V� Ic

∗
+ V� IL�

∗
(7)

where (·)∗ denotes the complex conjugate. We can show that the
first term in the expression above for the apparent power, V� Ic

∗
,

can be expressed as

V� Ic
∗
=

3∑
k=1

VkV�

|Z loop|
(cos (θk� − φ)− j sin (θk� − φ)) (8)

where θk� = θk − θ�. |Z loop| and φ denote the magnitude and
angle of the delta-loop impedance, respectively, and are given
by

|Z loop| =
√

R2
loop +X2

loop, φ = tan−1

(
Xloop

Rloop

)
.

Similarly, recognizing that the apparent power consumed by the
load, Z load, dominates over that corresponding to the inverter

output filter, Z, we can approximate the second term, V� IL�
∗
,

simply as the apparent load power. In particular,

V� IL�
∗ ≈ Pload + jQload. (9)

Note that the approximation above is predicated on the assump-
tion that the apparent power consumed by the output filter is
negligible and holds more tightly for heavier loads. From (8)
and (9), we can tease out the active- and reactive-power compo-
nents of S�, as

P� ≈
3∑

k=1

VkV� cos (θk� − φ)

|Z loop|
+ Pload (10a)

Q� ≈ −
3∑

k=1

VkV� sin (θk� − φ)

|Z loop|
+Qload. (10b)

Next, we integrate the active- and reactive-power expressions
from above explicitly with the droop laws for the inverters to
obtain a dynamical model for the equation shown at the bottom
of this page.

B. System Dynamical Equations

To derive the dynamical model for the phase dynamics of
the GFM inverters, we will make a couple of simplifying as-
sumptions. First, we will disregard the dynamics of the low-
pass averaging filters in (3) and suppose that Pavg,� ≈ P� and
Qavg,� ≈ Q�. We will also suppose that nominal power setpoints
are fixed at P �

� = Pload and Q�
� = Qload. This is a reasonable

assumption, since power setpoints are anticipated to match the
nominal load (and/or updated via secondary control to match
real-time load). Substituting P�, Q� from (10) directly in (2)
and setting P �

� = Pload, Q�
� = Qload, we get

V� = Vnom +mq

3∑
k=1

VkV�

|Z loop|
sin (θk� − φ) (12a)

θ̇� = ωnom −mp

3∑
k=1

VkV�

|Z loop|
cos (θk� − φ). (12b)

Note that the above model couples phase-angle dynamics with
the voltage-droop laws. To simplify analysis, we combine the
two, and with appropriate assumptions, generate a dynamical
model for phase differences that is amenable to analysis.

IV. PHASE-BALANCING BEHAVIOR AND STABILITY

In this section, we establish the dynamics of the phase-angle
differences and identify their equilibria. We then examine the
small-signal stability of each equilibrium point. To capture a
spectrum of possible output impedances, we generalize our
analysis with respect to the output impedance angle φ.

J (θ21,eq, θ31,eq) = K

⎡
⎢⎢⎣
(2 cos θ21,eq + cos (θ21,eq − θ31,eq)) sinφ

+sin (θ21,eq − θ31,eq) cosφ

(cos θ31,eq − cos (θ21,eq − θ31,eq)) sinφ

+(sin (θ31,eq − θ21,eq)− sin θ31,eq) cosφ
(cos θ21,eq − cos (θ31,eq − θ21,eq)) sinφ

+(sin (θ21,eq − θ31,eq)− sin θ21,eq) cosφ

(2 cos θ31,eq + cos (θ31,eq − θ21,eq)) sinφ

+sin (θ31,eq − θ21,eq) cosφ

⎤
⎥⎥⎦ . (11)
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Fig. 5. (a) Polar diagram illustrating definitions of phase angles and relative
differences. (b) Representative simulation results illustrate angle dynamics and
establish that phase ordering in steady state depends on the initial conditions.

A. Phase Angle Difference Dynamics

We pick the angle of inverter #1 as the reference angle, and
examine the evolution of angle differences with respect to θ1. To
that end, we introduce θ21 = θ2 − θ1 and θ31 = θ3 − θ1. [See
Fig. 5(a).] With the aid of (12b) and a combination of algebraic
and trigonometric manipulations, we get the following dynamics
for θ21 and θ31:

θ̇21 = θ̇2 − θ̇1 (13a)

=
mpV2V1

|Z loop|
cos (θ21 − φ) +

mpV3V1

|Z loop|
cos (θ31 − φ)

− mpV2V3

|Z loop|
cos (θ32 − φ)− mpV2V1

|Z loop|
cos (θ12 − φ)

θ̇31 = θ̇3 − θ̇1

=
mpV3V1

|Z loop|
cos (θ31 − φ) +

mpV2V1

|Z loop|
cos (θ21 − φ)

+
mpV2V3

|Z loop|
cos (θ23 − φ) +

mpV1V3

|Z loop|
cos (θ13 − φ).

(13b)

Substituting for V1, V2, and V3 from (12a) in the expressions
above, ignoring terms that involve products of the form,

mpm
2
q,mpmq, and defining

K = mp
V 2

nom

|Z loop|
(14)

we can approximate the dynamics of θ21 and θ31 as follows:

θ̇21 ≈ K(2 sin θ21 + sin θ31 + sin (θ21 − θ31)) sinφ

+K(cos θ31 − cos (θ21 − θ31)) cosφ (15a)

θ̇31 ≈ K(2 sin θ31 + sin θ21 + sin (θ31 − θ21)) sinφ

+K(cos θ21 − cos (θ31 − θ21)) cosφ. (15b)

See Appendix A for the detailed justifications on the approx-
imations that lead to (15). Fig. 5(b) shows the trajectories of
θ21 and θ31 generated by numerical simulation of (15a) and
(15b) for two different initial conditions. (Subset of parameters
utilized for the simulations are reported in Table I.) In both
cases, we see the trajectories converging to a phase-balanced
steady state. However, note that the phase orderings, 1− 2− 3
and 1− 3− 2, are both possible in steady state. Building on
this simulation to guide analysis, we next uncover equilibria of
(15a)–(15b) and characterize their small-signal stability.

B. Equilibria and Small-Signal Stability

Equilibria of dynamics in (15) are denoted by θ21,eq and θ31,eq.
These are values of θ21 and θ31 for which θ̇21 = 0 and θ̇31 = 0.
The vector-field plots in Fig. 6 illustrate state trajectories for
three different choices of impedance angle φ and, thereby facili-
tates our examination of system equilibria. (Parameters reported
in Table I are utilized for the simulations.) From the figure, we
can identify three types of equilibria: 1) stable (marked “ ”),
2) unstable (marked “ ”), and 3) saddle points (marked “ ”).
Notice that the two equilibria in (θ21,eq, θ31,eq) correspond
to phase-balanced operation; the filled-in circle signifying at-
tractive behavior in all directions. On the other hand, equilibria
corresponding to (θ21,eq, θ31,eq) are attractive in two directions
and repulsive in the others. Finally, (θ21,eq, θ31,eq) are repulsive
in all directions [20].

Within one cycle, [0, 2π), we can express the equilibria in the
following form:

(θ21,eq, θ31,eq) =
{(

2π
3 , 4π

3

)
,
(
4π
3 , 2π

3

)}
(θ21,eq, θ31,eq) = {(0, 0)}
(θ21,eq, θ31,eq) = {(0, σ1), (σ1, 0), (σ2, σ2)}

where for φ ∈ (0, π/2], σ1, σ2 are given by

σ1 = 2π + 2 tan−1(−3 tanφ), σ2 = 2 tan−1(3 tanφ).

The plots in Fig. 6 provide an intuitive visualization for system
dynamics and allow us to uncover all possible equilibria. For
instance, the closed-form analytical characterization of σ1 and
σ2 follow from searching for equilibria of (15) along θ21 = 0,
θ31 = 0, and θ21 = θ31, as hinted by the trajectories in Fig. 6.
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Fig. 6. Vector-fields for various delta-loop impedance angles. (a) φ = 0.1 rad (mainly resistive). (b) φ = π
4 rad (mixed RL). (c) φ = π

2 rad (purely inductive).
Stable equilibria are marked “ ”, unstable equilibria are marked “ ”, and saddle points are marked “ ”.

Fig. 7. Photograph of the experimental setup.

Fig. 8. Steady-state operation of delta-connected inverters with no load
demonstrating phase-balanced operation.

Next, we demonstrate small-signal stability analytically. Ex-
press the dynamics of the small-signal model as

[
Δθ̇21

Δθ̇31

]
= J (θ21,eq, θ31,eq)

[
Δθ21

Δθ31

]

Fig. 9. Steady-state operation of delta-connected inverters with wye-
connected resistive loads demonstrating phase-balanced operation.

Fig. 10. Transient performance during load steps. (a) loads step up. (b) loads
step down.
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Fig. 11. Frequency regulation under various loads. (a) Measured and designed droop slopes. (b) Ramp load changes reflect frequency changes. (c) Inset I.
(d) Inset II.

Fig. 12. Demonstrating phase-balanced operation with unbalanced loading.

where Δθ21 and Δθ31 denote small perturbations around the
equilibria θ21,eq and θ31,eq, and J is the Jacobian matrix. The
entries of the Jacobian matrix are specified in (11). Exponential
stability of such a system is guaranteed if and only if all eigenval-
ues of J have strictly negative real parts. Now we characterize
the system eigenvalues for all equilibria for φ ∈ (0, π/2]. Eigen-
values corresponding to the equilibria in (θ21,eq, θ31,eq) are

λ1,2 = −3

2
K(sinφ± j cosφ). (16)

Clearly, �(λ1,2) < 0, thereby establishing these equilibria to
be small-signal stable. The equilibria in (θ21,eq, θ31,eq) have
eigenvalues

λ1,2 = 3K sinφ. (17)

Since �(λ1,2) > 0, these equilibria are therefore, unsta-
ble. Finally, eigenvalues corresponding to all equilibria in

(θ21,eq, θ31,eq) can be expressed as

λ1 = − 3K sinφ,

λ2 = 9K
1 + tan2 φ

1 + 9 tan2 φ
sinφ. (18)

Given that �(λ1 ) < 0 and �(λ2 ) > 0, we see that these equi-
libria are saddle points.

V. EXPERIMENTAL VERIFICATION

In this section, we experimentally verify the phase-balanced
operating condition in a hardware setup comprised of three delta-
connected single-phase voltage source inverters. The hardware
system is shown in Fig. 7. Each inverter is rated for 500 W,
and is equipped with the LCL output-filter structure shown in
Fig. 2. The physical-hardware and control-software parameters
are listed in Table I. The controller is digitally implemented on
a Texas Instruments TMS320F28379D controlCARD. Unless
stated otherwise, all three inverters in the experiments below
are set up identically with the same controllers, and they are
issued the same nominal voltage magnitude and frequency val-
ues. Measured waveforms include the filter-capacitor voltages,
grid-side currents, and load currents.

A. Steady-State and Transient Operations

We first consider an experiment with no load. As observed
in Fig. 8, the three inverter voltages are balanced with 2π/3
offsets, and they operate at nominal frequency and amplitudes.
Results for the case when the inverter system is connected to
wye-connected resistive loads are shown in Fig. 9. Again, we
observe balanced operation in this setting as well. A close-up
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Fig. 13. Examining phase-balanced operation under unbalanced voltage commands. (a) Simulation results. and (b) and (c) Corresponding experiments for: nominal
voltage of inverter #1 set to 0.9× Vnom, with nominal voltages for inverters #2, 3 retained at Vnom; and nominal voltage for inverter #1 set to 1.1× Vnom, with
nominal voltages for inverters #2, 3 retained at Vnom.

Fig. 14. View of dynamics during system’s start up. Initial conditions are
randomized, but the system converges to phase-balanced operation in steady
state with no external communication.

inspection of the measured currents flowing within the inverter
delta loop reveals the presence of a third-harmonic component.
This harmonic originates from PWM nonlinearities in our par-
ticular implementation and our use of a modest dead time at the

zero-crossing transitions. We remark on this because although
this effect might catch the eye of an observant reader, it has
no observable impact on the effectiveness of our approach in
obtaining phase-balanced operation. It is also interesting to
note that the delta connection traps 3nth-order (n = 1, 2, · · · )
harmonics within the loop such that load-waveform quality is
maintained.

Transient performance is examined next. Waveforms during
step changes between 300 and 600 W are shown in Fig. 10.
These demonstrate tight voltage regulation and swift current
adjustments during and after the step-up/down changes. Notice
that phase-balanced operation is maintained through these large-
signal changes. Measurements in Fig. 11 verify the intended
power-frequency droop across the load range. In addition to
the unit-level grid-forming capabilities offered by each inverter,
we also show that the system of delta-connected units can self-
organize into a three-phase system to provide power to loads.

B. Unbalanced Conditions

Practical systems are expected to encounter imbalances in
both phase-voltage amplitudes and load demands. With regards
to load imbalances, we refer to the circuit in Fig. 4(c) and note
that load heterogeneity leads to imbalances in the currents IL�.
However, Ic is affected to a much lesser extent since it flows
only within the delta loop. Since Ic dominates angular dynamics,
phase angle balancing is quite robust against load imbalances.
The waveforms in Fig. 12 substantiate this statement and were
taken for the setting where inverter #3 delivers twice as much
power as the other two inverters.

Shifting focus to voltage amplitude imbalances, we consider
an experiment where inverter #1 has an amplitude imbalance
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such that V1 �= V2 = V3. To evaluate this condition, consider
the vector field in Fig. 13(a) which shows the equilibria for
two cases: 1) the nominal voltage of inverter #1 is set to
be 0.9× Vnom, while the nominal voltages for the inverters
#2, 3 are retained at Vnom; 2) the nominal voltage for inverter
#1 is set to be 1.1× Vnom, while the nominal voltages for
the inverters #2, 3 are fixed at Vnom. An up-close inspection
reveals that the voltage imbalance marginally impacts the stable
angle equilibria. Hence, the system converges to angles that are
very close to the balanced configuration irrespective of voltage
imbalances. Measurements in Fig. 13(b) and (c) show corre-
sponding experiments to substantiate this for the aforementioned
voltage-magnitude imbalances. The conclusion to be drawn
from the examination of these unbalanced conditions is that
the system can continue to offer phase-balanced behavior in
practical settings.

C. System Start-Up

Consider the setting where the system is energized from ran-
dom initial conditions with an open-circuited delta loop. Results
for this setting are illustrated in Fig. 14. A relay connected within
the delta structure is used to close and open the delta loop, and
a start-up resistor is added to avoid inrush currents within the
delta loop when the inverters are initially connected. At time
instant t1, the relay is closed to restore the delta connection.
This enables the system to reach the phase-balanced condition
after approximately 5 s till time instant t2. The start-up resistor
is shorted out of the loop after steady state is reached and
maintained.

VI. CONCLUSION

In this article, we investigated the possibility of using decen-
tralized single-phase GFM inverters to form the foundation of
balanced three-phase systems. Our analysis revealed that delta-
connected inverters with droop control exhibit repulsive angular
dynamics and are able to spontaneously reach phase balancing
without any communication. We modeled and analyzed a system
of three single-phase inverters in the phasor domain and de-
rived relevant system dynamics. Small-signal stability analysis
revealed that the stable system equilibria coincide with phase-
balanced conditions where each phase is offset by 1/3 of an ac
cycle. Finally, experiments on a system of three delta-connected
single-phase inverters substantiated the proposed framework and
demonstrated robustness against voltage and load imbalances.

Future work will be focused on the derivation of system
dynamics and investigating the feasibility of obtaining (innately
or with additional control) phase-balanced operation with three-
phase transformers, larger numbers of inverters in complex net-
works, and various wiring schemes, such as four-wire systems.
In particular, we wish to establish a generic analytical framework
to examine the setting where large numbers of low-voltage
single-phase GFM units couple through the delta-wired sides of
transformers across systems. A generalized treatment that ex-
haustively acknowledges heterogeneity in network parameters,
control parameters, and loading across phases would also be a
pertinent direction to explore.

APPENDIX

A. Details on Approximations Leading to (15)

The phase angle difference dynamics θ21 from (13a) can be
rewritten as

θ̇21 = θ̇2 − θ̇1

=
mp

|Z loop|
((2V2V1 sin θ21 + V3V1 sin θ31 + V2V3 sin θ23) sinφ

+(V3V1 cos θ31 − V3V2 cos θ32) cosφ) .

Taking the first term of the equation above as an example, we
substitute the V1 and V2 expressions from (12a) and obtain

mpV2V1

|Z loop|
=

mpV
2

nom

|Z loop|
+

mpmqVnom

|Z loop|2⎛
⎝ 3∑

k=1

VkV2 sin (θk2 − φ) +

3∑
j=1

VjV1 sin (θj1 − φ)

⎞
⎠

+
mpm

2
q

|Z loop|3

⎛
⎝ 3∑

k=1

VkV2 sin (θk2 − φ)

3∑
j=1

VjV1 sin (θj1 − φ)

⎞
⎠ .

Ignoring higher order terms, that involve products of the form
mpm

2
q,mpmq, we obtain

θ̇21= θ̇2−θ̇1 ≈ mpV
2

nom

|Z loop|
((2 sin θ21 + sin θ31 + sin θ23) sinφ

+(cos θ31 − cos θ32) cosφ)

which maps to (15a) with the definition for K in (14). Dynamics
of θ̇31 follow similarly.
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